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One and Two Dimensional Spin Systems in the Regime Close to Deconfinement of
Spinons
T. M. R. Byrnes, M. T. Murphy, O. P. Sushkov
School of Physics, The University of New South Wales, Sydney 2052, Australia
Based on the Majumdar-Ghosh chain we construct several spin models which allow us to inves-
tigate spinon dynamics in the regime close to deconfinement of spinons. We consider the J1−J2− δ
model, two coupled J1 − J2 chains (ladder), and a 2D array of coupled J1 − J2 chains. Using the
picture of two spinons interacting with a string confining potential we calculate the singlet-triplet
splitting, magnetic structure factor, tunneling amplitude of two spinons and the excitation spectra
for the ladder and the array.
PACS: 75.10.Jm, 75.50.Ee, 75.60.Ch
I. INTRODUCTION
Interest in low dimensional systems with dimerization has greatly increased in recent years due to several experimen-
tal findings. Compounds such as (VO)2P2O7
1, Cu(NO3)2 · 2.5H2O2, CuWO43 and Cu2(C2H12N2)2Cl44 effectively
behave as one-dimensional chains with intrinsic dimerization. Further motivation for the interest comes with the
discovery of a spin-Peierls transition in the dimerized, weakly coupled, ladder system, CuGeO3
5 which now has a
well determined magnetic structure6. Finally, the recent discovery that the ladder system, Sr0.4Ca13.6Cu24O41.84,
becomes a superconductor at 12 K and 3 GPa7 has renewed the idea, originally suggested by Anderson8, that spin
chain dynamics is linked with the mechanism of high-Tc superconductivity.
The interest in systems with dimerization is not restricted to the 1D case. There are a number of 2D theoretical
models with induced or spontaneous dimerization, such as the two-layer Heisenberg model (see, e.g. Ref.9), dimerized
Heisenberg models10 and the J1 − J2 model11. Some of the models can be relevant to real materials12.
A very important question relevant to any disordered quantum spin system is: what are the elementary excitations
of the system? Until recently, common wisdom was that there are two possibilities: 1) elementary excitations have spin
1 (elementary triplets) or 2) elementary excitations have spin 1/2 (spinons). See Ref.13 for a review. However, now
it is becoming clear that the spectrum of excitations of disordered quantum spin systems is much more complicated.
The spin 1/2 1D Heisenberg chain is a very important example of a pure spinon excitation spectrum14. Some
generalizations of this model, such as the frustrated Heisenberg chain, also have pure spinon excitations. However,
introduction of external dimerization changes the spectrum drastically: the spinons become confined and the spectrum
consists of multiple singlet and triplet states15,16. On the other hand, at very strong dimerizations, one would expect
pure triplet excitations. This is, however, not the case. It has been demonstrated that there are multiple bound states
of the triplet excitations17–19. Moreover, the bound state can sometimes have energies very close to the “elementary
triplet”, as in the 2D J1 − J2 model20. The complexity of the spectra of quantum spin systems is somewhat similar
to the complexity of the meson spectra in Quantum Chromodynamics. In reality, the physics is also very similar.
The purpose of the present study is to investigate the excitation spectra of the spin systems which are close to
deconfinement of spinons. As a building block we use the frustrated J1−J2 spin 1/2 chain near the Majumdar-Ghosh
point (J2/J1 = 0.5). Spinons are deconfined in this model. The models we consider have bound states of arbitrarily
large size, meaning that they are close to deconfinement. The rest of the paper is organized as follows. In Section II
we consider a J1 − J2 − δ chain at J2 ≈ 0.5J1. Following the approaches suggested by Affleck15 and Uhrig et al16 we
calculate singlet-triplet splittings and spin structure factors (quasiparticle residues for triplet excitations). In Section
III we consider two coupled J1 − J2 chains (a ladder). The most interesting part here is the tunneling of the spinon
from one leg of the ladder to another. In Section IV we consider two-dimensional array of the J1 − J2 chains. We
calculate the confinement radius and demonstrate that the low energy dispersion of the triplet excitation is isotropic.
Section V presents our conclusions.
II. ONE DIMENSIONAL J1 − J2 − δ MODEL
The Hamiltonian for this model is of the form
H = J
∑
i
[(
1 + (−δ)i+1)SiSi+1 + αSiSi+2] (1)
1
where Si represents spin 1/2 at the site i. We set J1 = J , J2 = αJ and denote the degree of dimerization as δ.
Consider first the case of zero explicit dimerization δ = 0. It is well known that at α < αc ≈ 0.24121,22 there is a
unique ground state and that the excitation spectrum is gapless. On the other hand, at α > αc, the ground state
has spontaneous dimerization and is therefore doubly degenerate, with a gap in the excitation spectrum. It has been
shown by Majumdar, Ghosh and van den Broek23 that, at α = 1/2, all quantum fluctuations are canceled out and
the ground state is particularly simple: the product of exact spin dimers,
|0〉 = . . . [j − 2, j − 1] [j, j + 1] [j + 2, j + 3] . . . . (2)
where we denote the singlet pair formed from adjacent sites, i and j, by [i, j]. The singlet chain shifted by unity with
respect to Eq. (2) is also a valid ground state but the degeneracy is broken when δ 6= 0. Due to the simplicity of the
MG point we largely restrict our analysis in the present work to the case of α = 12 .
Another important development was the analysis of the excitations on a MG chain by Shastry and Sutherland24.
The simplest excitation consists of a pair of propagating topological kinks (spinons), see Fig. 1.
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FIG. 1. Propagation of a pair of spinons (arrows mark the unpaired spins) on the MG chain. Ovals represent singlet pairs.
Note that the spinons may not pass through each other due to the dimerized nature of the chain.
Using the wave function corresponding to Fig. 1 as a variational function one can easily find the spinon dispersion
ǫk =
5
8
J +
1
2
J cos 2k. (3)
The energy gap is therefore ∆ = J/8. The dispersion (3) can be expanded near minimum, q = k − π/2, as
ǫq = ∆+
q2
2m
, (4)
with effective spinon mass m = 0.5/J . In spite of the variational nature of the dispersion, (3) agrees very well with
exact numerical results25,26. The scattering continuum for a pair of spinons with total momentum K is shown on Fig.
2.
totE
FIG. 2. The scattering continuum for a pair of kinks with total momentum K as found in Ref.24 (hashed regions) and the
dispersion for the triplet with unity spinon separation and α = 1
2
(dashed line). J has been set to unity. We see that the triplet
configuration is a bound state at K = pi
2
.
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Two spinons with parallel spins interact with one another. There is a very simple way to find this interaction. Let
us consider the state with spinons at nearest sites, see Fig. 3.
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FIG. 3. Triplet hopping with unity kink separation.
This corresponds to the triplet excitation of the spin-singlet dimer. The excitation energy of the triplet is J . In
general the triplet can hop to the nearest bond, but the hopping matrix element 0.25J(1− 2α) vanishes at the MG
point. Thus, the energy of the triplet shown in Fig. 2 by the dashed line is independent of momentum: Etriplet = J .
Certainly this is not an exact result. Quantum fluctuations ensure there are some corrections to this energy, but they
are very small. The triplet does not exist as a stationary state when its energy is inside the two spinon continuum.
However, we see from the Fig. 2 that there is a window where it does exist. This state has been found earlier in
Ref.24 using a more sophisticated method. The triplet exists because of the effective attraction between the spinons
at nearest sites which we can write as
Veff (x1, x2) = Cδx1+1,x2 , (5)
where x1 and x2 are the spinons’ coordinates which take integer values. To find the constant C let us write down
wave function of the triplet with momentum K as
ΨK(x1, x2) ∝ eiKXδx,1 ∝ eiKX
∑
k
eik(x−1), (6)
where X = (x1 + x2)/2 is the center of mass coordinate and x = x2−x1 is the relative coordinate of the two spinons.
In the bound triplet, x = 1. Eq. (6) can be transformed to
ΨK(x1, x2) ∝
∑
k
e−ikei(
K
2
+k)x2ei(
K
2
−k)x2 . (7)
In this wave function all momenta contribute with equal weight, therefore the average kinetic energy is
〈Ψ|Ekin|Ψ〉 =
∫ pi/2
−pi/2
dk
π
[ǫ (K/2 + k) + ǫ (K/2− k)] = 5
4
J, (8)
where ǫ(k) is the spinon dispersion (3). For two spinons at adjacent sites the average value of the effective interaction
(5) is 〈Ψ|Veff |Ψ〉 = C. However, we know that the total energy of triplet is J = 〈Ψ|Ekin|Ψ〉+ 〈Ψ|Veff |Ψ〉. From here
we find that C = − 14J and hence the effective spinon-spinon interaction in the triplet channel (S = 1) is
Veff (x1, x2) = −1
4
Jδx1+1,x2 . (9)
No such potential exists for the singlet (S = 0) state of two spinons.
Up till now we considered zero explicit dimerization, δ = 0, which results in two degenerate ground states and
deconfinement of spinons. Let us now consider very small but nonzero dimerization. The degeneracy between the
ground states is removed and hence creation of two spinons creates a string with tension 3δJ/4. This is confinement.
For low energy excitations one can use the quadratic approximation (4) and hence the wave function of the relative
motion of two spinons (x = x2 − x1) obeys a Schro¨dinger equation, see Refs.15,16
(E − 2∆)ψ(x) = − 1
2µ
∂2
∂x2
ψ(x) +
3δJ
4
xψ(x) , (10)
µ is the reduced mass, µ = m/2. Boundary conditions are important here. The boundary condition at large x is
obvious: ψ(∞) = 0. Boundary conditions for small x are different for triplets and singlets
triplet : ψt(−1) = 0, (11)
singlet : ψs(+1) = 0.
3
The condition for the triplet reflects the fact that the spinons (kinks) cannot penetrate through each other, see Fig.
1. This is also true for the singlet, but in this case there is an additional condition: excited states must be orthogonal
to the ground state. Therefore, we assert that ψs(1) = 0 since the singlet with unity kink separation is identical to
the ground state. Note that the bound states have very large sizes (x ≫ 1) and ,hence, in the first approximation,
one can replace (11) by ψ(0) = 0, see Refs.15,16. We must use (11) since we intend to consider triplet-singlet splitting.
Equation (10) with boundary conditions (11) gives spectrum
E(t,s)n = 2∆− 2znJ
(
3
8
δ
)2/3
∓ 3
4
Jδ, (12)
where zn (n = 0, 1, 2...) are the zeros of the Airy function
27
z0 = −2.388, z1 = −4.088, ... zn ≈ −
[
3
2
π
(
n+
3
4
)]2/3
at n≫ 1. (13)
The wave function has the form
ψ(t,s)n (x) =
Ai ((x± 1)/ξ + zn)√
ξ |Ai′(zn)|
(14)
where ξ ≡ (3δ/8)−1/3 is the typical size. The signs ± in Eqs. (12) and (14) corresponds to triplet and singlet states.
The upper sign always corresponds to the triplet.
One may conclude from Eq. (12) that the singlet-triplet splitting is 32δJ . However, this is not quite correct because
Eq. (10) does not take account of the attraction (9) in the triplet channel. This attraction decreases the triplet energy
by
〈ψt|Veff |ψt〉 = −1
4
∣∣ψt(1)∣∣2 = −3
8
δ. (15)
Together with (12) this gives the singlet-triplet splitting
Esn − Etn =
15
8
δJ (16)
which is independent of n. Certainly this is not an exact result because some small quantum fluctuations were
neglected in our derivation. Nevertheless it agrees very well with numerical data obtained recently by Sørensen et
al
25,28. The data are presented in Table I.
δ E
s
n − E
t
n Technique No. of sites
0.050 0.092 (a) 512
0.025 0.049 (a) 512
0.005 0.011 (b) 28
TABLE I. The value of the singlet-triplet splitting obtained via (a) DMRG techniques described in Ref.25 and (b) exact
diagonalization (J has been set to unity). The finite size effects are negligible. Data provided by Erik S. Sørensen.
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Our result (16) is valid for small momenta of the bound states, K ≈ 0 (or K ≈ π). Nevertheless it practically
coincides with splitting which is known at K = π/2. The singlet and triplet excited states at δ = 0 and K = π/2 are
known exactly29. One can show30 that these excited states remain eigenstates when we introduce explicit dimerization
and that the triplet and singlet have energies (1 + δ)J and (1 + 3δ)J , and so the splitting is 2δJ .
In conclusion of this section let us the discuss magnetic structure factor or spectral weight of the triplet excitations.
The external perturbation is
1√
2
∑
x
eiKxS+x, (17)
where S+x is the spin raising operator at the site x. Then the amplitude of the spin triplet creation at a spontaneously
dimerized bond is
(
sin K2
)
31. However this triplet is only a virtual state. To find spectral weight of the stationary
state ψtn we have to project the virtual state onto the stationary one. This is proportional to the amplitude for two
spinons to be at neighbouring sites. Hence
Zn = sin
2 K
2
∣∣ψtn(1)∣∣2 = 4ξ3 sin2 K2 = 32δ sin2 K2 . (18)
Our consideration of the bound states is valid only at small K or at K ≈ π and hence (18) is valid only at these K.
The spectrum of triplet excitations at K = π is shown in Fig. 4.
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FIG. 4. Schematic plot of the spectrum of excitations described by Eqs. (12),(13),(18) and (19). We note the gap 0 < ω < 2∆,
the set of discrete bound states for 2∆ < ω < 4∆ with spectral weight independent of n and the continuum for ω > 4∆.
There are no excitations at ω < 2∆ = 0.25J . At ω > 4∆ = 0.5J the triplet excitation can decay into pairs
(triplet+triplet or singlet+triplet) and therefore the spectrum is continuous. At 2∆ < ω < 4∆ there are a number of
discrete bound states. The spectral weight of any of these states is given by Eq. (18). The number of states, nmax,
depends on δ, such that for a small δ there is a large nmax. One can easily find nmax from Eq. (12). For example,
at δ > 0.14 there are only two states: n = 0 and n = 1. At δ = 0.01 the number is nmax = 6, and at δ = 0.001 the
number is nmax = 30. At extremely small δ the asymptotic formula is valid: nmax ≈ 0.025/δ. Finally the splitting
between the nearest peaks at n≫ 1 according to (12) is equal to
dE
dn
=
1.95Jδ2/3
(n+ 3/4)1/3
. (19)
The spectral weight in Eq. (18) is not quite consistent with that obtained using a series expansion method26. A
possible reason for this is that convergence of the series may be very slow due to the dense spectrum (see Fig. (II)).
III. TWO COUPLED MAJUMDAR-GHOSH CHAINS (THE LADDER)
Let us consider two MG chains coupled to the ladder
H = J
∑
i
{
[SiSi+1 + 0.5SiSi+2] +
[
S
′
iS
′
i+1 + 0.5S
′
iS
′
i+2
]}
+ J⊥
∑
i
SiS
′
i (20)
with J⊥ ≪ J . At J⊥ = 0 there are four degenerate ground states. Two of them are topologically different and are
shown in Figs. 5a and 5b.
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FIG. 5. (a) Two chains in the ‘normal’ state and (b) the ‘alternate’ state.
These will be called “normal” and “alternate” states respectively. At J⊥ 6= 0 the degeneracy is lifted and the
“normal” state corresponding to Fig. 5a becomes the true ground state. To see this, one needs to consider the second
order (in J⊥) correction to the ground state energy. To calculate this correction it is convenient to use a localized
triplet representation for the virtual excitation. Virtual admixtures of two triplet excitations to the “normal” state
are shown in Fig. 6.
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FIG. 6. Virtual excitations of the ‘normal’ ground state to the state with two triplet pairs.
Keeping in mind that each localized triplet has energy J , we can easily find the correction ∆Enormal = −3J2⊥/8J32.
Quite similarly the correction for the “alternate” state due to virtual excitations shown on Fig. 7 gives ∆Ealterate =
−3J2⊥/16J .
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FIG. 7. Virtual excitations of the ‘alternate’ ground state to two different states, each with two triplet pairs.
Thus, the “normal” state has a lower energy with the difference
∆E = ∆Ealternate −∆Enormal = 3J
2
⊥
16J
(21)
per two rungs along the ladder. We should note that this calculation is not exact. Because of quantum fluctuations
in the virtual states there is a small correction to Eq. (21) which is also proportional to J2⊥. Similar to the case of
spinon dispersion (3), we neglect this correction.
Two spinon excitations on the one leg is shown in Fig. 8.
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FIG. 8. Two spinon excitations on one leg of the ladder.
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It is clear from (21) that the tension in the confining string is T = 3J2⊥/32J and, therefore, the system is described
by Schro¨dinger equation (10) with substitution
3δJ
4
→ 3
2
(J⊥/4)
2
J
, (22)
ξ →
(
4
3
)1/3 (
4J
J⊥
)2/3
.
According to Eq. (14) the wave function for two spinons with total momentum K (along the ladder) is of the form
ψ
(t,s)
nL (x1, x2) =
eiKX√
N
Ai ((x± 1)/ξ + zn)√
ξ |Ai′(zn)|
, (23)
where X = (x1+x2)/2, x = x2−x1, and the index L = 1, 2 describes the leg on which the spinons are moving: L = 1
corresponds to the upper leg and L = 2 corresponds to the lower one. Let us consider now the specific case of triplet
excitation. There is a possibility for the triplet to tunnel from one leg to another. The mechanism of the tunneling is
shown in Fig. 9: First the two spinons must come to adjacent sites, then the perturbation, J⊥SS
′, swaps the triplet
from one leg to another, and then the spinons propagate along the second leg.
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FIG. 9. The mechanism for tunnelling of two spinons. The spinons on the top leg of the ladder must first come together
before they can tunnel to the lower leg. After tunneling, the spinons are free to propagate along the lower leg.
Simple calculation shows that the tunneling matrix element is equal to
τ = 〈ψtm2|
∑
i
SiS
′
i|ψtn1〉 =
2J⊥
ξ3
= 6
(J⊥/4)
3
J2
. (24)
It is interesting that this is independent of the indexes n and m. According to (12) (with substitution (22)) the
energy splittings between states with different n is ∝ J4/3⊥ . The tunneling matrix element, τ ∝ J3⊥, is much smaller
and therefore mixing within one n-level is independent of the others. Effectively, at each n we have a two degenerate
level system with tunneling τ between them. The stationary states have a definite symmetry with respect to the legs
permutation (u-state and g-state), and the triplet spectrum is
Etn(g,u) = 2∆− 2znJ
(
3
4
)2/3(
J⊥/4
J
)4/3
− 3J
2
⊥
32J
± 3J
3
⊥
32J2
+
K2
2M
. (25)
Here M = 2m = 1/J is total mass of triplet excitation.
The tunneling probability of the singlets from one leg to another is much smaller than that for the triplets. This is
because the spinons with total spin zero cannot approach one each other: ψs(1) = 0 (see discussion in the previous
7
section). Neglecting this tunneling we can say that the singlet g- and u-states are degenerate, and that the energies
of the singlet states are given by (12) with substitution (22).
In conclusion to this section we would like to note that, for the ladder, the topological excitation with total spin 0
or 1 is possible, as shown in Fig. 10.
✄
✂
 
✁
✄
✂
 
✁
✄
✂
 
✁
✄
✂
 
✁
✄
✂
 
✁
✻
✄
✂
 
✁
✄
✂
 
✁
✄
✂
 
✁
✻ ✄
✂
 
✁
✄
✂
 
✁
✄
✂
 
✁
✄
✂
 
✁
FIG. 10. Topological excitations with spins 1 or 0.
However, the gap for this excitation is 2∆ and hence the threshold for creation of two topological excitations
(minimum is two) is 4∆. In the present paper we do not consider excitations with such high energies.
IV. 2D ARRAY OF COUPLED MAJUMDAR-GHOSH CHAINS
Another way of linking together spin chains is to form a two-dimensional array as shown in Fig. 11.
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FIG. 11. The two-dimensional array. Each of the ‘A’ and ‘B’ chains represent spin chains similar to those previously
considered. The short lines represent cross links with an exchange J⊥.
There are a total of N2 cross links. The Hamiltonian is of the form
H = J
∑
x
(
S
A
x,yS
A
x+1,y + 0.5S
A
x,yS
A
x+2,y
)
+ J
∑
y
(
S
B
x,yS
B
x,y+1 + 0.5S
B
x,yS
B
x,y+2
)
(26)
+ J⊥
∑
x,y
S
A
x,yS
B
x,y.
The “A”-chains are aligned along the x-direction and the “B”-chains are aligned along the y-direction. First we want
to demonstrate that the ground state of the system looks like that shown in Fig. 12.
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FIG. 12. The two-dimensional array. The horizontal chains are the A-chains while the vertical chains are B-chains. The dots
represent the cross-links, the same as those in Fig. 11.
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We stress that any dot in Fig. 12 denotes two spins 1/2 separated in the vertical direction (see Fig. 11) and coupled
via J⊥. The dimers aligned in x-direction are built from A-chain spins and the dimers aligned in y-direction are built
from B-chain spins. The question is: why is the ground state pattern like that in Fig. 13a (which is actually part of
Fig. 12), but not like that in Fig. 13b?
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FIG. 13. Two arrangements of singlets in a two-dimensional array.
At J⊥ = 0 these configurations are degenerate. As was the case for the ladder (previous section), to calculate ground
state energy correction due to J⊥ it is convenient to use the localized triplet representation for virtual excitations.
The energy of the localized triplet is J , and the amplitude of two triplets created at the two singlet bonds coupled via
J⊥ is J⊥/4, see e.g. Ref.
19. Therefore, the second order correction to the state Fig. 13a is described by the process
|0〉 → |12〉 → |0〉 and is equal to 3(J⊥/4)2/(−2J). Here |12〉 denotes the state with triplets excited at bonds 1 and
2 (see Fig. 13a), the coefficient, 3, is number of triplet polarizations. However, a similar contribution exists for the
configuration in Fig 13b and, therefore, the configurations Fig13a and Fig13b remain degenerate to second order in
J⊥. To consider the next order we have to recall that the localized triplet can hop between two bonds coupled via J⊥.
The hopping amplitude is also J⊥/4, see e.g. Ref.
19. Additional corrections for Fig. 13a arise due to the possibility of
hopping around the square (closed loop trajectory), whereas, in Fig. 13b, there is no such possibility. The correction
is due to the following sequences of virtual states (see Fig. 13a):
|0〉 → |12〉 → |32〉 → |42〉 → |0〉, (27)
|0〉 → |12〉 → |14〉 → |13〉 → |0〉,
|0〉 → |12〉 → |32〉 → |34〉 → |0〉,
|0〉 → |12〉 → |14〉 → |34〉 → |0〉.
|0〉 → |12〉 → |1234〉 → |24〉 → |0〉.
|0〉 → |12〉 → |1234〉 → |13〉 → |0〉.
The corresponding energy correction per one “dot” (one vertical J⊥ cross-link) is then
E13a − E13b = −15
8
(J⊥/4)
4
J3
. (28)
We have thus shown that the system prefers the formation of “squares”. However, even in this case there is a
pattern shown in Fig. 14 which, in the considered order (J4⊥), remains degenerate with that in Fig. 12.
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FIG. 14. Another arrangement of singlets in a two-dimensional array.
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The degeneracy is lifted only in the J6⊥ term. To see this we first must recall that the localized triplet can create an
additional triplet at a nearby bond along the MG chain: t†nβ → t†nσt†n+1,γ (t†nβ is the localized triplet creation operator
at the bond n, β is the triplet polarization). The amplitude of this process is 14Jieβσγ , see Ref.
33. Keeping this in
mind, one can see that the energy difference between Fig. 15a (building block of Fig. 12) and Fig. 15b (building
block of Fig. 14) is due to closed loop trajectories of the type (for notations, see Fig. 15)
|0〉 → |12〉 → |125〉 → |126〉 → |127〉 → |327〉 → |427〉 → |42〉 → |0〉. (29)
These trajectories exist for the configuration in Fig. 15a but do not exist for Fig. 15b.
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FIG. 15. (a) Building block for Fig. 12a. (b) Building block for Fig 14.
Calculation of the matrix element corresponding to the trajectory (29) and counting all the trajectories we find the
energy difference,
E15a − E15b = − 1
144
(J⊥/4)
6
J5
. (30)
Thus, We have shown that the configuration presented in Fig. 12 is the true ground state of the Hamiltonian (26).
Note that the parameter of expansion in Eqs. (28) and (30) is J⊥/4J . Note also that the coefficient in (30) is
anomalously small meaning that the system is quite soft with respect to the dislocations shown in Fig. 14.
The lowest energy excitation consists of two spinons, see Fig. 16.
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FIG. 16. Two spinons along one of the A-chains in a two-dimensional array.
Here the spinons are created on the upper A-chain and all other spins remains paired. According to (28), the
tension of the confining string is
T =
15
4
(J⊥/4)
4
J3
(31)
and hence the dynamics are described by Eqs. (10), (12) and (14) with substitutions
3δJ
4
→ 15
4
(J⊥/4)
4
J3
, (32)
ξ →
(
8
15
)1/3(
4J
J⊥
)4/3
.
We now intend to consider the spinons tunneling from one chain to another. This is simpler to do for triplet excitations
and therefore we concentrate only on this case. Taking account of (14) and (32), the wave functions of triplets built
on the A- and B-chains are
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ΨA(r1, r2) =
eiKR√
N
Ai ((x+ 1)/ξ + zn)√
ξ |Ai′(zn)|
δy1,y2 , (33)
ΨB(r1, r2) =
eiKR√
N
Ai ((y + 1)/ξ + zn)√
ξ |Ai′(zn)|
δx1,x2 ,
where R = (r1 + r2)/2, r = r2 − r1. Eqs. (33) do not make account of the tunneling between the chains. The
mechanism of the tunneling is similar to that of the ladder (see Fig. 9) - the spinons approach one another to within
one lattice space and then the perturbation, J⊥SASB, in the Hamiltonian (26) swaps the triplet from the A-chain to
the B-chain (and vice versa). Calculation of the tunneling amplitude gives
τ = J⊥ cos
Kx
2
cos
Ky
2
4
ξ3
= 30J cos
Kx
2
cos
Ky
2
(
J⊥/4
J
)5
. (34)
The triplet dispersion is given by diagonalizing the 2× 2 matrix(
ǫA τ
τ ǫB
)
, (35)
where
ǫA(K) = 2∆− 2znJ
(
3
2
)2/3(
J⊥
4J
)8/3
− 3(J⊥/4)
4
J3
+
K2x
2M
(36)
ǫB(K) = 2∆− 2znJ
(
3
2
)2/3(
J⊥
4J
)8/3
− 3(J⊥/4)
4
J3
+
K2y
2M
. (37)
Here M = 2m = 1/J is total mass of triplet excitation. Diagonalization of (35) gives
ǫ =
ǫA + ǫB
2
±
√(
ǫA − ǫB
2
)2
+ τ2. (38)
At very small momenta, K2/2M ≪ τ ∝ J5⊥, rotational invariance is restored and we have two distinct triplet
excitations with a quadratic dispersion
ǫ ≈ ǫA + ǫB
2
± τ = const+ K
2
2M
± τ. (39)
V. CONCLUSIONS
In the present work we have considered several models in the regime close to the deconfinement of spinons. These
systems have complex spectra which consist of multiple singlet and triplet states.
For the one dimensional J1−J2− δ model with J2/J1 ≈ 0.5 and δ ≪ 1 we have calculated the splitting between the
singlet and triplet states as well as the spectral weight of triplet excitations. The splitting is in a good agreement with
available numerical data. On the other hand, the spectral weight is not consistent with results of series expansion.
This may be explained by the very slow convergence of the series for the system which has a dense spectrum. It would
be very interesting to study this problem using different numerical methods.
For the J1 − J2 − J⊥ ladder (J⊥ → 0) we found that the interval between levels is ∆E ∝ J4/3⊥ . Each level has a
fine structure: it consists of two triplet and two singlet states. The triplet-singlet splitting is ∝ J2⊥. Splitting between
the triplets is ∝ J3⊥, which is due to tunneling between the legs. The typical size of the states under consideration is
ξ ∝ J−2/3⊥ . This is the radius of confinement.
Similar results are obtained for the two dimensional array of coupled J1 − J2 chains (two dimensional J1− J2− J⊥
model as J⊥ → 0). The energy interval between the levels is ∆E ∝ J8/3⊥ . Fine structure of the level consists of two
singlets and two triplets. The triplet-singlet splitting is ∝ J4⊥. Splitting between the triplets due to tunneling is ∝ J5⊥.
The confinement radius is ξ ∝ J−4/3⊥ . As does any lattice model, this model violates rotational invariance. However,
in the low energy sector (K ≪ (J⊥/J)5/2), rotational invariance is restored.
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